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EISENSTEIN SERIES WHOSE FOURIER COEFFICIENTS ARE
ZETA FUNCTIONS OF BINARY HERMITIAN FORMS
JORGE FLO´REZ, CIHAN KARABULUT, AND AN HOA VU
Abstract. In this paper we investigate a result of Ueno on the modularity
of generating series associated to the zeta functions of binary Hermitian forms
previously studied by Elstrodt et al. We improve his result by showing that
the generating series are Eisenstein series. As a consequence we obtain an
explicit formula for the special values of zeta functions associated with binary
Hermitian forms.
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1. Introduction
In [Coh75], Cohen constructed modular forms whose Fourier coefficients are given
by finite sums of Dirichlet L-series evaluated at integral arguments. As an applica-
tion, he derived a number of formulas analogous to various classical class number
relations discovered by Kronecker, Hurwitz, Selberg and Eichler. Zagier ([Zag77])
later generalized the results of Cohen by considering infinite sums of zeta functions
attached to binary quadratic forms evaluated at arbitrary complex arguments as
Fourier coefficients. Similar to Zagier’s construction, Ueno ([Uen01]) considered the
generating series of zeta functions attached to binary Hermitian forms and showed
that these infinite series are also modular forms on a congruence subgroup of the
full modular group. He obtained his result using the theory of prehomogeneous
vectors spaces and Weil’s Converse Theorem.
In this paper, we show that the modular forms constructed in [Uen01] are Eisen-
stein series and as a consequence we get a simple arithmetic expression for zeta
functions attached to binary Hermitian forms.
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Let K be an imaginary quadratic field with discriminant D < 0 and let O be its
ring of integers. We let O∗ = i√
D
O be the inverse different of K. For ∆, n ∈ Z, set
r(∆, n) := #{β ∈ O/nO | ββ¯ ≡ ∆ (mod n)} and(1.1)
r∗(∆, n) := #{β ∈ O∗/nO | |D|ββ¯ ≡ ∆ (mod n|D|)},(1.2)
where #S denotes the cardinality of a set S. Then we define the following two zeta
functions
Z(∆, s) :=
∞∑
n=1
r(∆, n)
ns+1
,(1.3)
Z∗(∆, s) :=
∞∑
n=1
r∗(∆, n)
ns+1
.(1.4)
The zeta function Z(∆, s) is studied by Elstrodt, Grunewald and Mennicke
([EGM87]) in connection with representation numbers of binary Hermitian forms
with coefficients in O. They showed that
(1.5) Z(∆, s) =
{
ζK(s)L(χD, s+ 1)
−1 if ∆ = 0,
θ(−∆, s)ζQ(s)L(χD, s+ 1)
−1 if ∆ 6= 0,
where ζK(s) denotes the usual zeta function of K and θ(∆, s) is a finite Euler
product given by
(1.6) θ(∆, s) =
∏
p|D∆
Rp(∆, p
−1−s)
with
(1.7)
Rp(∆, X) =


1−((Dp )(pX))
t+1
1−(Dp )pX
for p ∤ D, pt ‖ ∆,
1 +
(
−|D0|t∆0
p
)
(pX)t+1 for p | D, p 6= 2, pt ‖ ∆,
1 +
(
8
∆0Dt2
)
(2X)t+3 for p = 2, 4 | D, D1 ≡ 2(8), 2
t ‖ ∆,
1−
(
−8
∆0Dt2
)
(2X)t+3 for p = 2, 4 | D, D1 ≡ 6(8), 2
t ‖ ∆,
1−
(
−4
∆0Dt2
)
(2X)t+2 for p = 2, 4 | D, D1 ≡ 3 or 7(8), 2
t ‖ ∆,
where D0 := D/p, ∆0 := p
−t∆, and where for D ≡ 0 (mod 4)
D1 :=
D
4
, D2 :=
{
−D12 if D1 ≡ 2 (mod 4),
1−D1
2 if D1 ≡ 3 (mod 4).
We remark here that there is a minor mistake in Ueno’s paper [Uen01] where his
Z(∆, s) is actually Z(−∆, s) in [EGM87], Definition 2.1 and Equation (2.12).
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Let k be a positive integer. For j = 1, 2 Ueno defined the generating function of
Z(∆, s) and Z∗(∆, s), respectively, as follows
f jk,D(τ) :=
(−1)k+1|D|
1
2 ζ(2k)Γ(2k + 1)
(2pi)2k+1
+
∑
∆≥1
(−1)j∆2kZ((−1)j−1∆, 2k)q∆,
(1.8)
gjk,D(τ) :=
(−1)j+k+1 |D|
1
2
+2kζ(2k)Γ(2k + 1)
(2pi)2k+1
+
∑
∆≥1
∆2kZ∗((−1)j−1∆, 2k)q∆,
(1.9)
where q := e2πiτ and τ ∈ H := {z ∈ C | ℑ(z) > 0} (for simplicity, we have normal-
ized Ueno’s gjk,D by i|D|
−k). Ueno [Uen01, Theorem 4.4] shows that f jk,D and g
j
k,D
belong to M2k+1(Γ0(|D|), χD) and satisfy
(1.10) gjk,D(τ) = (|D|τ)
−(2k+1)f jk,D
(
−1
|D|τ
)
,
where M2k+1(Γ0(|D|), χD) is the space of modular forms of weight 2k + 1 and
character χD :=
(
D
·
)
on Γ0(|D|).
In this paper, we refine Ueno’s result, which was obtained using Weil’s Converse
Theorem, by showing that the modular form f jk,D and g
j
k,D are in fact Eisenstein
series (see Theorem 2.1).
This paper is organized as follows. In section 2, we state the main results pre-
cisely. In section 3, we introduce the normalized versions of f jk,D and g
j
k,D. In
section 4, we give the proof of the main results of this paper.
2. The Main Results
We briefly recall some definitions and key facts about modular forms on the
congruence subgroup Γ0(N) as discussed in [CS17]. LetMk(Γ0(N), χ) be the space
holomorphic modular forms on Γ0(N) of weight k and character χ. We have a
direct sum decomposition
(2.1) Mk(Γ0(N), χ) = Sk(Γ0(N), χ)⊕ Ek(Γ0(N), χ)
of C-vector spaces, where Sk(Γ0(N), χ) denotes the subspace of cusp forms and
Ek(Γ0(N), χ) denotes its orthogonal complement with respect to the Petersson inner
product.
Let us now define the Eisenstein series that we work with in this paper. Let χ1
and χ2 be two Dirichlet characters modulo N1 and N2 respectively, set N = N1N2
and view χ = χ1χ2 as a character modulo N , and let k ≥ 3 be an integer. Then
define
(2.2) Gk(χ1, χ2)(τ) :=
1
2
∑′
N1|c
χ1(d)χ2(c/N1)
(cτ + d)k
,
where the sum is over all pairs (c, d) ∈ Z × Z with (c, d) 6= 0, with the additional
condition N1|c. If χ1 is primitive then the series Gk(χ1, χ2) belongs to the space
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Mk(Γ0(N), χ) and has the Fourier expansion (see [CS17, Corollary 8.5.5])
(2.3) Gk(χ1, χ2)(τ) = δN2,1L(χ1, k) +
(
−2pii
N1
)k
g(χ1)
(k − 1)!
∑
n≥1
σk−1(χ1, χ2;n)qn,
where δi,j is the Kronecker delta function, g(χ1) is the Gauss sum corresponding
to the character χ1 and σt(χ1, χ2;n) is the twisted divisor sum defined as
(2.4) σt(χ1, χ2;n) :=
∑
d|n, d>0
χ1(d)χ2(n/d)d
t.
If χ2 is trivial, we sometimes write σt(χ1;n).
Similar to the case of the full modular group the series, Gk(χ1, χ2) is normalized
to get
Ek(χ1, χ2)(τ) :=
(
N1
−2pii
)k
(k − 1)!
g(χ1)
Gk(χ1, χ2)(τ)
= δN2,1
L(χ1, 1− k)
2
+
∑
n≥1
σk−1(χ1, χ2;n)qn.(2.5)
As χ1 ranges through all the primitive characters the Eisenstein series Ek(χ1, χ2)
(or equivalently, the non-normalized series Gk(χ1, χ2)) form a basis of the subspace
Ek(Γ0(N), χ) (see [CS17, Theorem 8.5.17]).
Finally, we recall the Fricke involution WN :=
(
0 −1
N 1
)
on a modular form f ∈
Mk(Γ0(N), χ) as
(f |kWN )(τ) := N
−k
2 τ−kf
(
−1
Nτ
)
,(2.6)
where |k is the usual slash operator of weight k acting on the space Mk(Γ0(N), χ).
The Fricke involution of Gk(χ1, χ2) is given by (see [CS17, Proposition 8.5.3])
(2.7) Gk(χ1, χ2)|kWN (τ) = χ2(−1)
(
N2
N1
) k
2
Gk(χ2, χ1)(τ),
which also implies that
(2.8) Ek(χ1, χ2)|kWN (τ) = χ2(−1)
(
N2
N1
) k
2
Ek(χ2, χ1)(τ).
We are now ready to state the main result of this paper. Let D ⊂ Z denote the
subset of all fundamental discriminants and set
FD :=
{
(D1, D2) ∈ D
2 | D1D2 = D and gcd(D1, D2) = 1
}
.
Theorem 2.1. Let D < 0 be the discriminant of K and let χD be the quadratic
character associated to K then for all j ∈ {0, 1}, k ∈ Z≥1 and ∆ ≥ 1, one has
(2.9) f jk,D(τ) = Ck,D
∑
(D1,D2)∈FD
|D2|
2kχD2((−1)
j−1)E2k+1 (χD1 , χD2) (τ),
(2.10) gjk,D(τ) = Ck,D
∑
(D1,D2)∈FD
|D2|
2kχD2((−1)
j)
|D1|2k+1
E2k+1 (χD2 , χD1) (τ),
EISENSTEIN SERIES AND ZETA FUNCTIONS OF BINARY HERMITIAN FORMS 5
where
(2.11) Ck,D :=
2 (−1)k+1|D|
1
2 ζ(2k)Γ(2k + 1)
(2pi)2k+1L(χD,−2k)
.
In particular, f jk,D(τ) and g
j
k,D(τ) belong to E2k+1(Γ0(|D|), χD).
As a consequence of this theorem we immediately get the following simple for-
mulas for the special values of Z(∆, s) and Z∗(∆, s) at positive even integers.
Corollary 2.2. For all j ∈ {0, 1}, k ∈ Z≥1 and ∆ ≥ 1, we have
(2.12)
(−1)j∆2kZ((−1)j−1∆, 2k) = Ck,D
∑
(D1,D2)∈FD
|D2|
2kχD2((−1)
j−1)σ2k (χD1 , χD2 ; ∆) ,
(2.13)
∆2kZ∗((−1)j−1∆, 2k) = Ck,D
∑
(D1,D2)∈FD
|D2|
2kχD2((−1)
j)
|D1|2k+1
σ2k (χD2 , χD1 ; ∆) .
3. Normalized Ueno’s modular forms
Instead of f jk,D, we shall work with the normalized version
F jk,D(τ) :=
L(χD, 2k + 1)
ζ(2k)
f jk,D(τ)
that does not include the transcendental factors (i.e. those involving values of zeta
function and L-function).
On the one hand, one has by (1.5)
F jk,D(z) =
(−1)k+1|D|
1
2Γ(2k + 1)L(χD, 2k + 1)
(2pi)2k+1
+
∑
∆≥1
(−1)j∆2kθ((−1)j∆, 2k)q∆.
On the other hand, the functional equation of L(χD, s) (see [Was97, Page 30])
applied at s = 2k + 1 gives
Γ(2k + 1)(−1)kL(χD, 2k + 1) =
g(χD)
2i
(
2pi
f(χD)
)2k+1
L(χD,−2k).
So multiplying both sides by
√
|D|, and using the fact that g(χD) = i
√
|D|, for
D < 0, and f(χD) = |D|, we obtain
(−1)k
√
|D|Γ(2k + 1)L(χD, 2k + 1)
(2pi)2k+1
=
L(χD,−2k)
2|D|2k
,
or equivalently, after multiplying both sides by ζ(2k),
(−1)k
√
|D|ζ(2k)Γ(2k + 1)
(2pi)2k+1L(χD,−2k)
=
ζ(2k)
2|D|2kL(χD, 2k + 1)
.
Therefore, the constant Ck,D from the previous section can be described as
Ck,D =
−ζ(2k)
|D|2kL(χD, 2k + 1)
.
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In this normalized presentation, the equation (2.12) that we want to prove is
equivalent to
(3.1)
(−1)j∆2kθ((−1)j∆, 2k) =
−1
|D|2k
∑
(D1,D2)∈FD
|D2|
2kχD2((−1)
j−1)σ2k (χD1 , χD2 ; ∆)
for ∆ ≥ 1 and k ≥ 1, and Theorem 2.1 is equivalent to the identity
(3.2) F jk,D(z) = −
1
|D|2k
∑
(D1,D2)∈FD
|D2|
2kχD2((−1)
j−1)E2k+1(χD1 , χD2).
4. Proof of Theorem 2.1
According to Theorem 4.6.8 in [Miy06], two modular forms g1, g2 ∈Mk(|D|, χD)
equal if for some integer L, their n-th Fourier coefficients an(g1) and an(g2) match
for every natural number n such that (n, L) = 1. Thus, to show our identity
between the two modular forms (3.2), it suffices to prove (3.1) for every ∆ > 0 such
that (∆, 2D) = 1. To analyze the left hand side, let us denote
θ0(∆, s) :=
∏
p|D
Rp(∆, p
−1−s), and
θ1(∆, s) :=
∏
p|∆
Rp(∆, p
−1−s) =
∏
p|∆
1−
((
D
p
)
(p−s)
)vp(∆)+1
1−
(
D
p
)
p−s
.
We have
θ(∆, s) = θ0(∆, s)θ1(∆, s)
under the assumption (∆, D) = 1. Observe that
(4.1) θ1(∆, s) = σ−s(χD; ∆),
where σ−s(χD; ∆) =
∑
d|∆ χD(d)d
−s is a twisted divisor sum, which follows from
θ1(p
t, s) =
t∑
ℓ=0
(
χD(p)p
−s)
)ℓ
=
t∑
ℓ=0
χD(p
ℓ)(pℓ)−s
and the fact that θ1 is multiplicative in ∆. Here, let us make a convention that
summation over d|∆ implicitly means d > 0 (so that ds always makes sense) whence
σ−s(χD,∆) = σ−s(χD,−∆). Also note that we have a functional equation
(4.2) |∆|s σ−s(χD,∆) = χD(|∆|)σs(χ−1D ,∆).
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It is worth noting that the equation (4.2) holds for any χ as long as the modulus
of χ and ∆ are relatively prime. On the RHS of (3.1), one has∑
(D1,D2)∈FD
|D2|
2kχD2((−1)
j−1)σ2k (χD1 , χD2 ; ∆)
=
∑
(D1,D2)∈FD
|D2|
2kσ2k
(
χD1 , χD2 ; (−1)
j−1∆
)
=
∑
(D1,D2)∈FD
|D2|
2k
∑
d|∆
χD1(d)χD2((−1)
j−1∆/d)d2k
=
∑
(D1,D2)∈FD
|D2|
2k
∑
d|∆
χD1(d)
χD2((−1)
j−1∆)
χD2(d)
d2k thanks to (∆, D2)|(∆, D) = 1
=
∑
(D1,D2)∈FD
|D2|
2k
∑
d|∆
χD1(d)χD2(d)χD2 ((−1)
j−1∆)d2k since χD2(d) ∈ {±1}
=
∑
(D1,D2)∈FD
χD2((−1)
j−1∆)|D2|2k
∑
d|∆
χD(d)d
2k
=

 ∑
(D1,D2)∈FD
χD2((−1)
j−1∆)|D2|2k

σ2k(χD; ∆).
However, recalling equation (4.1) and the functional equation (4.2), we have
∆2kθ1((−1)
j−1∆, 2k) = χD(∆)σ2k(χD; ∆),
where ∆ > 0. Thus, it remains to show that
(4.3) χD(∆)(−1)
j−1|D|2kθ0((−1)j∆, 2k) =
∑
(D1,D2)∈FD
χD2((−1)
j−1∆)|D2|2k
to obtain (3.1). To do that, we obtain a concrete description of the set FD.
For an odd prime p, let
p∗ :=
(
−1
p
)
p =
{
p if p ≡ 1 mod 4,
−p if p ≡ 3 mod 4,
be the corresponding prime fundamental discriminant. For any D ∈ D, we set
2∗D :=
D∏
odd p|D p∗
.
Using basic properties of fundamental discriminants, one has the following
Lemma 4.1. (1) Let D˜ = D/4. One has
2∗D =


1 if 2 ∤ D,
−4 if 2|D, 8 ∤ D i.e. D˜ ≡ 3 or 7(8),
8 if 8|D, D8 ≡ 1 mod 4 i.e. D˜ ≡ 2(8),
−8 if 8|D, D8 ≡ −1 mod 4 i.e. D˜ ≡ 6(8).
(2) For any (D1, D2) ∈ FD, one has
2∗D2 = 2
∗
D.
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(3) Let ΣD := {primes p|D} and 2
∗ := 2∗D. Then FD is in an one-to-one corre-
spondence with the power set of ΣD where any subset Q ⊂ ΣD corresponds
to the pair ((D1(Q), D2(Q)) ∈ FD defined by
D2(Q) :=
∏
q∈Q
q∗ and D1(Q) :=
D
D2(Q)
=
∏
q∈ΣD\Q
q∗.
We also have the following result concerning quadratic characters
Lemma 4.2. For any D ∈ D, one has
χD =
∏
prime p|D
χp∗ ,
where 2∗ = 2∗D.
Using Lemma 4.1 and Lemma 4.2, we obtain the factorization∑
(D1,D2)∈FD
χD2((−1)
j−1∆)|D2|2k =
∏
p|D
(1 + χp∗((−1)
j−1∆)|p∗|2k)
for the right hand side of (4.3). To match with the left hand side, we observe the
following
Lemma 4.3. Suppose that ∆ is relatively prime to 2D (not necessarily positive).
Then one has
Rp(∆, p
−1−s) = 1 + sgn(p∗)χp∗(∆)|p∗|−s
for every prime divisor p|D. Here, sgn is the sign character i.e. sgn(x) = 1 if x > 0
and −1 otherwise and could also be characterized alternatively in term of Kronecker
symbol sgn(x) =
(
x
−1
)
.
Proof. Observe that for odd ∆, we always have(
−∆
p
)
= sgn(p∗)χp∗(∆).
Indeed, if p ≡ 1 mod 4 then(
−∆
p
)
=
(
∆
p
)
=
( p
∆
)
= sgn(p∗)χp(∆)
by quadratic reciprocity, and if p ≡ 3 mod 4 we have(
−∆
p
)
= −
(
∆
p
)
= −
( p
∆
)
(−1)
∆−1
2 = −
(
−p
∆
) (
−1
∆
)
(−1)
∆−1
2︸ ︷︷ ︸
1 by supplementary rule
= −χ−p(∆).
By assumption (∆, D) = 1, we have ∆0 = ∆ and t = vp(∆) = 0 for all p|D in (1.7).
It follows that, for odd p,
Rp(∆, p
−1−s) =
(
1 +
(
−∆
p
)
(p−s)
)
= 1 + sgn(p∗)χp∗(∆)|p∗|−s
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by definition. For p = 2, one likewise has
R2(∆, 2
−1−s) =


1 +
(
8
∆
)
(2−s)3 for D1 ≡ 2(8),
1−
(−8
∆
)
(2−s)3 for D1 ≡ 6(8),
1−
(−4
∆
)
(2−s)2 for D1 ≡ 3 or 7(8),
=


1 + χ2∗(∆)(8
−s) for D1 ≡ 2(8)⇒ 2∗ = 8,
1− χ2∗(∆)(8
−s) for D1 ≡ 6(8)⇒ 2∗ = −8,
1− χ2∗(∆)(4
−s) for D1 ≡ 3 or 7(8)⇒ 2∗ = −4,
= 1 + sgn(2∗)χ2∗(∆)|2∗|−s.
This establishes the lemma. 
By the lemma above and χD(−1) = −1, we can now write
(−1)j−1 χD(∆) |D|2k θ0((−1)j∆, 2k)
=χD((−1)
j−1∆)|D|2k
∏
p|D
(1 + sgn(p∗)χp∗((−1)j∆)|p∗|−2k)
=
∏
p|D
χp∗((−1)
j−1∆)|p∗|2k(1 + χp∗(−1)χp∗((−1)j∆)|p∗|−2k) for χp∗(−1) = sgn(p∗)
=
∏
p|D
(χp∗((−1)
j−1∆)|p∗|2k + 1).
We have thus completed the proof of (3.1) for all (∆, 2D) = 1; hence the proof
of (3.2) assuming Ueno’s result about f jk,D being a modular form.
Finally, the identity (2.10) follows from the equation (1.10) and the Fricke invo-
lution of f jk,D as follows. The equation (1.10) implies that
gjk,D(τ) = |D|
− 2k+1
2
(
|D|−
2k+1
2 τ−(2k+1)f
(
−1
|D|τ
))
= |D|−
2k+1
2
(
f jk,D
∣∣∣∣
2k+1
W|D|
)
(τ)
= Ck,D
∑
(D1,D2)∈FD
|D2|
2kχD2((−1)
j)|D1|
−(2k+1)E2k+1 (χD2 , χD1) (τ),
which shows that gjk,D ∈ E2k+1(Γ0(|D|), χD).
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